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Some Aspects of Two-Phase Flows with Mixing and

Combustion in Bounded and Unbounded Flows
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An analysis is presented for the multiphase axisymmetric or plane two-dimensional mix-
ing and combustion of a flowfield comprised of particulite matter suspended in a gaseous
medium. Applications are found in propulsion systems, wind tunnels, stationary power
plants, and the general area of pollution. These problems involve a number of coupled rate
processes, including homogeneous and heterogeneous chemical kinetics, phase transition
and mixing both within and between the phases present in the system. The conservation
equations for mass, momentum, energy, and interphase mass transport are described. The
equations are solved by a computerized, explicit, finite-difference technique. Results are
presented for two sets of assumptions: finite-rate combustion with equilibrium phase transi-
tion applied to an air-liquid hydrogen system, and equilibrium combustion with finite-rate
phase transition for an air-hydrocarbon fuel system. Based on the particle sizes encoun-~
tered, the turbulent transport of particulate matter will range from zero mixing for large
particles to a condition of diffusive equilibrium for small particles. The possibility of phase
separation is shown to be an important consideration in multiphase flows with chemical
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reactions.

Nomenclature

= mass fraction of condensate
= static enthalpy

= stagnation enthalpy
nucleation rate

= Boltzman constant

molecular weight

mass of a molecule

number of molecules in a critical droplet
number density of particles
all chemically reacting species
pressure

= partial pressure of the vapor
Pre = equilibrium partial pressure
Pr = Prandtl number
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r = radius

r* = radius of a critical drop

rs = Sauter radius

Ry = universal gas constant

s = accommodation coefficient

S¢ = Schmidt number

T = temperature

u,v = axial and vertical velocity components
w* = work of creation of a critical droplet
W = rate of production

x,y = axial and vertical coordinates

o = mass fraction

p = density

o = surface tension

p = viscosity coefficient

¢ = saturation ratio, ./Pve

¢ = stream function
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Subscripts

7,j = chemical species and chemical element, respectively
g,m = gas and mixture, respectively

Ly = condensate and condensible vapor, respectively

Introduction

ANY practical systems involve the flow of fluids con-~
taining particles in suspension. Such multiphase flows
are relevant to problems ranging from propulsion system
component design to the desecription of the formation and
dispersion of pollutants from various industrial process
equipment. Generally, the related flows involve a number
of coupled processes including homogeneous gas phase chemi-
cal reactions, heterogeneous chemical reactions, phase transi-
tion, and mixing within and between the phases.

Much of the two-phase flow literature of the past ten years
was focussed upon basic flow configurations such as nozzle
flows and shocks.!~* In general, they treated cases involving
inert particles suspended in an otherwise inviscid or laminar-
like fluid. More recently, however, attempts have been made
to treat problems including effects of mixing and combustion
in turbulent flows.58 This paper presents the results of
studies designed to demonstrate some effects of chemical and
particulate phase mixing models that have not been treated
in the past. In particular, the work includes two limiting
conditions based upon practical applications: a) conditions
where finite-rate combustion and equilibrium phase transition
are appropriate, and b) applications where equilibrium com-
bustion and finite-rate phase transition are suitable. In
addition, turbulent transport of the particulate matter is con-
sidered in two limits: 1) equilibrium diffusion where the
gas phase and particulate phase diffusivities are equal, and .
2) frozen diffusion where the particulate phase diffusivities
are zero and the particles do not diffuse.

Analysis

For a multiphase system one must describe not only the
conservation of mass, momentum, and energy for the con-
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Fig. 1 Schematic of the configuration examined in the
equilibrium diffusion analysis.

densed phase, but also the dynamic and thermodynamic
interactions between the phases. In general, this involves
the description of velocity differences (dynamic nonequilib-
rium), temperature differences (thermal nonequilibrium),
and mass transfer between the phases (nonequilibrium phase
change).?

In this investigation we are concerned with phase transition
in systems involving mixing and combustion, with emphasis
on interphase mass transfer under the assumption of dynamic
and thermal equilibrium for the mean components of velocity
and temperature. These assumptions have been investigated
in the past,”® and it has been demonstrated that in certain
turbulent diffusive flows the system can be characterized by
a single mean velocity and temperature, whereas the particles
may diffuse at rates different from those of the gas-phase
components.® The treatment of such flows is of interest in
connection with configurations of the type shown schemat-
ically in Fig. 1. These flows may be bounded or unbounded
where diffusion is important only in the lateral direction and
pressure gradients are important only in the streamwise
direction.

Finite Rate Condensation in Diffusive
Equilibrium with Simple Chemistry

When a multiphase flow is generated by the process of
condensation from the vapor phase, the system will contain a
distribution of very small particles. The condensation
process involves the formation of critically sized nuclei and
their subsequent growth. Kven after a substantial growth
period, the bulk of the condensate will be of submicron size.
Under this condition, the particles can easily respond to the
mean and fluctuating components of the gas phase motion
and the concept of diffusive equilibrium becomes applicable.

The present discussion will emphasize this finite-rate con-
densation process in diffusive flows. Either CO., or H.O
is considered as the potential condensible in the flowfield
where the rate of condensation is based upon classical nuclea-
tion and growth theory.1*? In addition to finite-rate
condensation, chemical reactions are included in terms of a
quasi-complete combustion model appropriate for hydro-
carbon systems. This combustion model includes the fuel,
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Fig. 2 Quasi-complete combustion hydrocarbon-air
chemistry.
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CO, CO,, H,, H,0, and Cgonay depending upon the local
equivalence ratio as shown in Fig. 2. This model is based
upon the behavior of the most important equilibrium species
tabulated in Ref. 13. This model gives a reasonable approxi-
mation to diffusion controlled combustion flowfields, but it
should be noted that more exact equilibrium calculations
may be coupled to the flowfield with no change in the basic
analysis or solution techniques.

The describing equations for this flow are given in Ref. 5
Continuity

Opmuy™)/0x + O(pmy?)/dy = 0 )
where
N = {0 two-dimensional
1 axisymmetric
Momentum

pmut(Qu/0x) + pmv(Ou/dy) = —(dp/dx) +
(1/y™)(0/0y) [uay¥(@u/oy)] (2)
Energy
prtt(QH n/0x) + pmb(@Hw/0y) = (1/y¥)(0/0y) X
{yYun[(1/Pr)(@HW/3y) + (1 — 1/Pr) X
[@u¥/2)/0y] + Z (1/Sc — 1/Pr)hni das/0yl}  (3)

The analysis requires specification of either the wall con-
tour or the static pressure as a function of the downstream
coordinate.

Since an equilibrium combustion chemistry model is used
to describe the burning process in the present case, the species
participating in the reactions are cast in the form of element
mass fractions. The condensate acts as a diluent in the local
burning process and remains in specie mass fraction form.
Thus the diffusion equation can be split into parts. Element
mass fractions of the chemically reacting species j = C, 0,
H 2y N 25

92y Oaj _ 1 0 y"unO2y , o
Pl g T P oy y¥oy Sc oy + Wi @)

Mass fraction of the species condensing out of the vapor

Fig. 4 Schematic of the configuration examined in the
frozen diffusion analysis.
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phase az. = CO, or H;0,
Prtt(002/0x) 4 pmv(Qaz/Oy) =
(1/y™) @/3y) [y¥ un/Sc) @az/3y)] + Wz (5)

where

4 Ne mj
Zaj+aL=1and o = Zu”%ai (6)
=1 i

i=1

The production rate of element mass fractions can be ex-
pressed as

Voo S g, Ty
Wj = ,,;;1 Vij mt W‘i (7)

Initial and boundary conditions

u = up(y)
T = Tp(y)

0<y<

v=t a; = aa’p(y)

an(r) = ary(ry)
u = ug(y)
T=T

Yo <Y < Yo )
o = ajs(y)

aw(r) = a(ry) )

forallz at y = 0 v = 0o/ = OT/dy = Jqu/dx = O,
where the subscripts p, s, and w refer to primary stream,
secondary stream, and wall values, respectively.

The contribution of the condensate to the system static
pressure is neglected and the ideal gas law for the mixture
becomes

= BT 3
Y4 Pmivo o,

©)
where n = all gases in the mixture. Thisformulation was im-
plemented for digital computation in terms of the von Mises
coordinates!:

YV (OY/0y) = pauy¥ (10)
Y0y /0x) = — pnry¥ (1)

Condensation Kinetics

The condensation process is initiated by the formation of
critical sized clusters of molecules in the new phase. This
nucleation process can be of two general types: homoge-
neous, where the new phase deposits on nuclei spontaneously
formed when vapor molecules collide and stick; and hetero-
geneous, in which the condensate forms around foreign
particles serving as centers for condensation. For simplicity
the present analysis treats only the first of these phenomena,
but the generalization needed to include heterogeneous
nucleation is straightforward.1!12

The model for homogeneous nucleation, based on kinetic
theory consists of specifying expressions for the radius of the
critical droplets, the work required for their formation and a
droplet growth law that governs their size history as they
flow downstream. Based on the results of Ref. 12, we may
write the following equations for these parameters:

r¥ = 20M 1/pLRoT Ine 12)
w* = (dr/3)or*? (13)

where ¢ = p,/ps.. The nucleation rate,

for
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J = (0 prTHBMz/mpr)"*(1/r*)**exp[} InQoM /) —
2 Ink — w*] (14)

determines the number of new droplets created per unit
volume, per unit time. The pre-exponential factors are
closely related to the collision frequency of vapor molecules,
and the exponential is an expression for the work of cluster
formation.

The growth law employed is capable of predicting the rate
of droplet size increase for condensation (¢ > 1). A simple
growth law is given by kinetic theory in the form

dr/de = (My/2xkT)Vs(p, — p,)/pru (15)

where s is defined as the accommodation coefficient.
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Particle Size Distribution

The combined effects of continuous nucleation, growth,
and the nonuniform velocity and temperature fields provide
conditions resulting in a spectrum of particle sizes at every
point in the flow. To completely specify the production
rate, Wi, of condensate requires knowledge of this local
particle size and number density distribution. To track
the particle history through the flow, the total amount of
condensate present at every point in the flowfield is divided
into a set of categories based on particle size. Within each
size range all the particles are combined to form an average
with a volume to surface area ratio equal to that of the
summation over-all contributions. This equivalent particle
size is the Sauter mean value and is expressed as

Ty = Enirﬁ/Enmz (16)

where n; particles have radius r;.

The mass fraction of each category is equal to the sum of
the mass fractions of each contribution. With the average
size of category particles and the total category mass fraction
known, the appropriate number of equivalent particles is
established for every class. This representation provides an
exact equivalence for the subsequent rate process provided
the rate of change of mass depends directly upon the particle
surface area. This is the case when an expression of the type
given by Eq. (15) is used.

The particle distribution array in terms of size, mass
fraction, and number in each category at every grid point can
only be altered by three phenomena: the creation of new
droplets, the growth of old droplets, and the diffusion of drop-
lets from the neighboring flow.

Whenever new particles are created by the condensation of
droplets from the vapor phase, their size is defined in terms
of the local pressure and temperature by Eq. (12). Based
on the definition of the nucleation rate equation, the nunglber
density of new particles created over a given length is given

by
N, = f 2I@ 4 an

Zo U
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If we define n* as the number of molecules in a eritical drop,
the mass fraction of condensate created over this step is:

gy = S(0*M 1/ pwu)J (@)dw where n* = 4xr*ip,/3M,  (18)

These particles are then categorized into the proper size
group and averaged with those already in the category, using
the Sauter criteria, to form a new class radius, mass fraction,
and number density.

The radius of a droplet changes in accordance with the
growth law as the flowfield develops. Thus after every step,
the new droplet size is given by

r=ro+f:3—£dx 19)

where the step size, Az, is evaluated based on the stability
criteria outlined in Ref. 14. Thus after every step the up-
dated radius array must be reclassified in order to account
for the transition of particles from one category to another.
Since it is possible for more than one contribution to be made
to a particular category, the total category mass must then
be reaveraged, using the Sauter criteria, to establish the
proper radius and number for the group. The particle
array in terms of mass fraction, size, and number density
resulting from the kinetics of the condensation process will
be defined as

G(J D)y
R(J D)y at grid point (" + 1)
N(J,Dy, "

Each category in the particle array is altered by the
diffusion of condensate of the same category from neighboring
upstream locations. Subdividing the condensate mass
fraction «; into each category and treating the category mass
fractions as separate species, the diffusion equation can be
written in finite difference form of von Mises coordinates as
A ptl,m = Oin,m + Ax (W‘_’i) +
U Jnm

o (o) ot = [(8), o+
(AP |\Seamprn) Homm+ 8¢ Jumire

b b
('§>n.m+1/z:| o+ (g(—:)n,m_m ai-"»"‘—l‘ (20)

where the n, m subscripts refer to the grid point locations
shown in Fig. 3.

The first term in Eq. 20 represents the change in «; due
to the condensation process as the flow moves downstream
from n ton + 1. The sum of the first two terms is the total
mass fraction of category condensate present downstream
due to kinetic processes, and the remaining term represents
the contribution to the mass fraction from diffusion. Noting
Fig. 3, the diffusional term can be split into the contributions
from each of the three upstream points:

Ax b
26 = it (%), g minmt @
___ A [(b b
A6 = = Jiagy [(&),,,,,.H,Z + (Sc>n.m_1,2] Qi
(22)
Az b
A6 = Sravy (SZ>,,,,,._1/2 iyt (23)

For each of the categories present at a given grid point, we
may express the category mass fraction as

G<Jyl)n+l.m = [Ax (%) + ‘x‘l,n,m:l +

AG, + AG; + AGs (24)
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where the kinetics contribution is evaluated as G(J,I); with
its associated R(J,I), and N(J,I);. Knowing the category
sizes associated with each upstream contribution the Sauter
criteria can be used to define the new category radius:

R(Jyl)n+l,m =
GUDe + AG + AG + AG,
G(J,D); AGy AG, AG;
RUD: T RUDwmn T RTDum T BT D

Knowing the new mass fraction and size, the number density
of particles is determined from

pn+1.mG<J>I)n+1'm
4/3mpR(J 1) 1,m

Some results of the application of this formulation are pre-
sented below.

(25)

N, Dny1m = (26)

Equilibrium Condensation with
“Frozen” Diffusion

Insight into the extent the diffusion of particles effects the
flowfield can be gained by considering the extreme limit of
zero particle diffusion. This assumption is valid for laminar
flow and turbulent flows involving large particles. Further-
more, the “equilibrium” and ‘“frozen” diffusion models
provide the bounds for the more general nonequilibrium
problem.® The particular model described here includes
homogeneous gas phase kinetics!® with equilibrium phase
transition in the limit of “frozen” diffusion.

The describing equations are similar in form to Egs.
(1-4). The essential difference appears in the diffusion
terms where the mixture variables are replaced by the local
gas phase variables, In addition, the species conservation
equation replaces Eq. (4) and is given by
Species
Oy 1 [ py™ 0Y; ;
oy yN[ Sc¢ oz ] + W @D
For this discussion the definition of the total specie mass
fraction in terms of the vapor and condensate is given by

a; = (Yipy + z1p1)/ pm (28)

Ouy
Pt &l + va

where
Y; = pyi/p, for the vapors
(29)
2; = pri/pr for the condensate

The ideal gas law applied to the two-phase mixture assumes
that contributions to the static pressure from.the condensed
species can be neglected.

P = puRoTZ0;/N; (30)

where the summation extends over all gas phase mass frac-
tions. Initial and boundary conditions for the free jet de-
picted in Fig. 4

U = Ujet
OSySa Hm=Hjet
ai=a,~e U = U
at wz>0 gH,,,=He 31)
y—>
r=0 U = Ug Ay = Qe
y>a H,=H,
al_a’tG

These conditions are supplemented with the symmetry condi-
tions on the jet axis. The solution technique is essentially
that employed in the diffusive equilibrium studies.

Under the assumption of equilibrium condensation in the
present analysis, the system of equations reduces to the
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Fig. 5 Distribution of the mass fractions of H,O, N;, O,
and Hz, (top) and O, H, and OH (bottom).

gas phase problem when the temperature is above the satura-
tion value corresponding to the local pressure. For the flow
composition here, it is governed by the saturation tempera-
ture of HyO which is well below that required for any of the
chemical reactions considered. Should the temperature lie
above the saturation value, the calculation is performed
using finite rate chemistry.

Results

The frozen diffusion analysis has been applied to the con-
figuration depicted in Fig. 4. The jet is an axisymmetric,
fully expanded stream of low-temperature hydrogen and
the outer flow is a uniform stream of moist air. The jet
temperature is sufficiently low to condense the O,, N», and
H,O after mixing has occurred. The freestream tempera-
tures were chosen above the ignition limit to provide condi-
tions for chemically active two-phase flows. Region A rep-
resents the core of pure hydrogen that is virtually un-
affected by the diffusion process. In region B mixing has
occurred but the temperature levels are well below the re-
quired temperature for ignition. This region is predom-
inantly H,, Os, and HyO in two-phase states with only traces
of gaseous O, H, and OH. Region C represents a zone of
intermediate temperature levels which are above those re-
quired for two-phase states and not yet high enough for

1.0 T .20
Hy0 X=1fr.
8 : ﬁ - 16
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6 112 . . . .
Fig. 6 Distribution of
/ condensed phase mass
4 .08 fraction, velocity, and
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Fig. 7 Velocity and temperature profiles at station 4/4
jet = 22,

ignition. Combustion takes place at the higher tempera-
tures which prevail in region D where significant concentra-
tions of all seven species appear. The approach to the free-
stream state is accompanied by the disappearance of hydrogen
and combustion subsides. Therefore, region E is a zone where
some mixing has occurred devoid of significant chemical
activity.

To study the behavior of a two-phase system with com-
bustion, the freestream temperature and pressure were
picked as 1500°K and 110 1b/ft2, respectively. The pressure
corresponds to an altitude of 20 KM where the hydrogen jet
at the temperature of 40°K is in an all gas state. Radial
distributions of the pertinent variables are shown in Figs.
5 and 6 which represent the flowfield configuration at a stream-
wise station where significant chemical and two-phase phe-
nomenon are present. Figure 5 shows the mass fraction
distribution of the major components in the flowfield. The
appearance of significant chemical reaction is evident by the
large increase in the mass fraction of H:O in the high-tem-
perature region (900 < T < 1500°K) Additional evidence
of combustion in this region is the depletion of O, and H in
the vieinity of y/y, = 0.4. The corresponding mass frac-
tions of O, H, and OH attain their peak values within this

1071 [

102

Fig. 8 Condensed water
profiles at several down-
stream stations.
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combustion zone. The temperature decreases rapidly toward
the axis and the flowfield passes through a narrow region
where chemical reactions are negligible and condensation has
not yet appeared. The H:O begins condensing nearer the
axis and is accompanied by the same behavior of the N,
and O, which has been observed in low-temperature, chem-
ically frozen cases. The HyO has a second peak concentra-
tion here and the N, and O, show a corresponding depletion
due to gas phase diffusion. This peak in the HyO concentra-
tion is associated with the phase separation phenomena,
wherein the condensate does not diffuse once it is formed.
Figure 6 shows the narrow zone of condensed H,0 and illus-
trates that to this scale, negligible condensed O, and N,
appear, although trace quantities are present in the flow-
field. Also shown in Fig. 6 are the velocity and temperature
distributions. Although there is significant chemical activity,
the temperature distribution is monotonic showing the
capacity of the low-temperature H, to absorb the energy
released during combustion.

The finite-rate condensation analysis with equilibrium
diffusion was used to examine a ducted expansion process
with nonuniform initial conditions like that shown in Fig. L.
The primary flow provides a source of hot gaseous H;O and
CO; in proportions appropriate to the combustion of a
hydrocarbon fuel and oxygen. The surrounding gas is a
slight supersonic cold airstream at sea-level pressure and
temperature. As the flowfield develops, the gaseous H,0
spreads into the secondary air stream and cools. When
saturation conditions are reached, the finite-rate condensation
of water vapor begins. Gas phase composition, velocity and
static temperature profiles are given in Fig. 7. An indication
of the spread of condensate in the radial and streamwise
directions is given by Fig. 8. As the flow moves downstream,
the amount of condensate and its radial extent increases.
The radius distribution of a condensate in the first size
category (0 to 10~ u) is given in Fig. 9. The secondary
peak in the vicinity of the wall is due to the creation of
“new”” droplets as the gaseous HyO diffuses further into the
cold secondary flow.

The condensate between y/y, = 0.77 to 0.95 represents
the size variation of ‘“‘old” droplets created upstream as
effected by their growth history. These droplets comprise
the majority of condensate present. Near the wall (y/y, >
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0.95) the saturation ratio is relatively high, and the small
condensate mass fraction (below 1071%) in this region is essen-
tially comprised of critical sized droplets.

Conclusions

An analysis of two-phase flow has been applied to a variety
of problems involving models coupling the chemical, phase
transition and mixing processes. Examples are given for
hydrogen and hydrocarbon chemical systems in ducted and
freejet configurations.

Combustion, phase transition, and phase separation phe-
nomensa are shown to be important considerations in an-
alyzing the general two-phase flow problem. These effects
are of particular relevance in non-one-dimensional flows
including combustion chambers and nozzles involving either
nonuniform entrance conditions or employing film cooling.
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